. Theorem 1. A necessary and sufficient condition that Biz; A) and all it subproducts have radial limits of modulus one at eie is that (1) Z[(l" \a\)/\e«-a\]< =0.
A It is our purpose to consider the boundary behavior of Blaschke products possessing radial limits of modulus one at every point of C.
Because of condition (1), it is only at accumulation
points of A that a Blaschke product Biz; A) can possibly fail to have a radial limit of modulus one. The following theorem gives the restrictions to be imposed on A', the derived set of A, in order that Biz; A) have radial limits of modulus one at every point of C.
Theorem
2. Let E be a set on C. A necessary and sufficient condition that there exist a Blaschke product Biz; A) for which Bieie) is defined and of modulus one at every point of C and such that A' =E is that E be closed and nowhere dense on C.
Let £ be a closed and nowhere dense set on C. We shall construct a sequence A in D with A' -E for which Z^ (1 -M) < °° and for which (1) is satisfied at every point of C. Then, by Theorem 1, the corresponding Blaschke product 5(z; A) will have radial limits of modulus one at every point of C.
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The complement of E with respect to C is a countable union of disjoint open arcs on C. Let F be the set of end-points of these open arcs, where we write F= {cm, dm\ m = l, 2, 3, ■ ■ ■ ,}, with \cm\ = \dm\ = 1, £m = arg cm <arg dm -hm for each m. It is clear that F is a countable dense subset of E. (1) is satisfied for ew in E, it suffices to show that
A However, for eie in E we have |0 -arg amn\ ^(km)n/2, \0 -arg &m"| (km)n/2 for w = l, 2, 3, • • • , n = l, 2, 3, ■ ■ ■ , so that (2) will be satisfied for ew in E.
Let B(z; A) be a Blaschke product with radial limits of modulus one at every point of C, and let E = A'.
Of course E is closed, but suppose E is not nowhere dense on C. Then there is some arc 7 on C in which E is dense. Write /= {eiB\ a = 0^)3}, and let 7, 0<7<7r, be arbitrarily chosen. We denote by Sg the Stolz angle in D at eis with vertex angle 7 symmetric about the radius to eie. In the region {rew\ 0<r<l, a<d<(3} we can select a point ai of A. If arg ai=<pi, we may choose an, ai2 such that a^an <cpi <ai2 ^/3 and such that ai is in Se for an <9 <ai2. Now choose /3n, /3i2 such that an</3n<^i</3i2<ai2, and let Ji= {eis\^n^6^i2}. Clearly ai is in Se for every ea in Ji.
In the region {rew| \ai \ <r <l,j3n<0</3i2} we can select a point a2 of A. If arg a2=<j>2, we choose a2i, a22 such that 0n^a2i<(p2<a22^^i2 and such that a2 is in 5« for a2i<0<a22. Now we choose j32i, j322 such that a2i<|62i<02<j322<a22, and we let J2= {ei9\02i^6^^22}. We see that J2EJi, while ai and a2 are both in 56 for all e* in J2.
Continuing in this fashion, we construct a sequence {Jj} of closed Now C\Jj, where the intersection is taken over all values of j, is not empty, and we can find a point e** of D/y which is an accumulation point of {aj}. Also, for each value of j, aj is in S4,.
We connect the points of {a,} in order of increasing index by a polygonal path Piz) to e** lying in S*. The limit of 5(z; A) as z approaches e!* along Piz), if it exists, cannot be of modulus one, for 5(oy; A)=0 for j=l, 2, 3, • • • . An application of a theorem of E.
Lindelof [5] shows that Biz; A) cannot then have a radial limit of modulus one at e'*. From this contradiction we conclude that E must be nowhere dense on C.
The proof that E is necessarily nowhere dense on C, while cumbersome, uses only elementary techniques. By appealing to cluster set theory, a far more elegant proof is possible. The author is indebted to Professor K. Noshiro for the following alternative proof of the fact that E is nowhere dense on C.
Each point eie of E is an accumulation point of the zeros of 5(z; A) and thus is an essential singularity of Biz; A). By a theorem of W.Seidel [9, p. 211], the interior cluster set of 5(z; A) ate*", C(5,eifl), is the closed unit disk. However, by hypothesis 5(z; A) possesses a radial limit at each point of C, so that radial cluster set for Biz; A) at eie, CriB, eie), is a single point. Hence at each point eie of E we have CiB, em)^CriB, eie). By a theorem of E. F. Collingwood [3, p. 5], E must be a set of category I on C. Since E is closed, E is necessarily nowhere dense on C. Theorem 3. Let Biz; A) be a Blaschke product with Bie'6) defined and of modulus one at every point of C. Then, as a function of 6, Bie'e) is discontinuous at d = 6Q if, and only if, eie° is in A'.
If eie" is not a point of A', then a theorem of C. Tanaka [10, p. 410] states that Biz; A) is analytic throughout a neighborhood of eie°. Throughout this neighborhood, Bieie) =limr_i Bireie; A) =Bieie; A), so that Bieie) is evidently continuous at 0=0o-If em is a point of A', then eiH is a singularity of Biz; A). Consequently, as was proved by W. Seidel [9, p. 208] , in each arc on C containing eie", Bieis) assumes every value of modulus one infinitely often. Then Bieie) is discontinuous at 6=00. From Theorems 2 and 3 follows immediately a corollary which is a special case of a theorem of A. J. Lohwater and G. Piranian [6, p. 5].
Corollary.
Let B(z; A) be any Blaschke product for which B(ew) is defined and of modulus one at every point of C. In order that a set E on C be exactly the set of points where the radial limit function B(eie) is discontinuous, it is necessary and sufficient that E be closed and nowhere dense on C. A necessary and sufficient condition that a set E on C be the set of accumulation points of the zeros of a Blaschke product Biz; A) whose derivative has a finite radial limit at every point of C is that E be closed and nowhere dense on C. 
